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Abstract. Consider the following Schrödinger–Bopp–Podolsky system in R
3 under an L2-norm constraint,

⎧
⎪⎨

⎪⎩

−Δu + ωu + φu = u|u|p−2,

−Δφ + a2Δ2φ = 4πu2,

‖u‖L2 = ρ,

where a, ρ > 0 are fixed, with our unknowns being u, φ : R3 → R and ω ∈ R. We prove that if 2 < p < 3 (resp., 3 < p < 10/3)
and ρ > 0 is sufficiently small (resp., sufficiently large), then this system admits a least energy solution. Moreover, we prove
that if 2 < p < 14/5 and ρ > 0 is sufficiently small, then least energy solutions are radially symmetric up to translation,
and as a → 0, they converge to a least energy solution of the Schrödinger–Poisson–Slater system under the same L2-norm
constraint.
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1. Context and main results

Up to normalization, we can model the behavior of a free quantum particle under electrostatic interaction
with a potential φ : R3 × R → R by the nonlinear Schrödinger equation

i∂tψ = −Δxψ + φψ − ψ|ψ|p−2, (1.1)

where ψ : R3 × R → C denotes the wave function of the particle and p > 2 is fixed. Specifically, we
will consider the scenario where the particle is only under electrostatic self-interaction and we search for
standing wave solutions to (1.1), i.e., wave functions of the form ψ(x, t) = u(x)eiωt, and we solve for the
unknowns u : R3 → R and ω ∈ R. In other words, by replacing such an ansatz in (1.1), we reduce our
problem to that of searching for pairs (u, ω), where u : R3 → R is a function that solves an elliptic problem
under an L2-norm constraint ‖u‖L2 = ρ > 0 and the wave frequency ω ∈ R is its respective Lagrange
multiplier. We remark that this constraint also models the fact that u2 is the respective electrical charge
density, and consequently, ρ2 is known a priori to be the electrical charge of the quantum particle in
question.

Under the framework of Maxwell’s electromagnetic theory, this scenario is described by the following
Schrödinger–Poisson–Slater system under an L2-norm constraint,

⎧
⎪⎨

⎪⎩

−Δu + ωu + φu = u|u|p−2,

−Δφ = 4πu2,

‖u‖L2 = ρ,

(SPSρ)
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where ρ > 0 is fixed and u, φ : R3 → R, ω ∈ R are our unknowns. In this context, the goal of this note is
to prove that the following Schrödinger–Bopp–Podolsky system under a constraint,

⎧
⎪⎨

⎪⎩

−Δu + ωu + φu = u|u|p−2,

−Δφ + a2Δ2φ = 4πu2,

‖u‖L2 = ρ,

(SBPa,ρ)

also satisfies some properties which (SPSρ) is well known to satisfy in the case p ∈]2, 10/3[\{3}. In fact,
the system (SBPa,ρ) is obtained when one considers the framework of the Bopp–Podolsky electromagnetic
theory, and we refer the reader to [4, Section 2] for a more detailed deduction of such a system.

Since d’Avenia and Siciliano’s 2019 publication [4], the Schrödinger–Bopp–Podolsky system has be-
come the object of research in a number of recent works. In fact, the Neumann problem for the Schrödinger–
Bopp–Podolsky under an L2-norm constraint was considered in Afonso and Siciliano’s 2021 article [1],
where the Kranoselskii genus was used to prove that, under certain conditions on the boundary, the
Schrödinger–Bopp–Podolsky system in a bounded domain with nonconstant coupling admits infinite so-
lutions. A setting similar to Afonso and Siciliano’s was considered in Soriano Hernandez’ thesis [6], where
genus theory was applied on the corresponding Dirichlet problem to analogously deduce the existence of
an infinite number of solutions.

Technically, we will consider weak solutions to (SBPa,ρ) (resp., to (SPSρ)) in H1(R3) × X (R3) (resp.,
in H1(R3) × D1,2(R3)), where D1,2(R3), H1(R3) and X (R3) are obtained as the respective Hilbert space
completions of C∞

c (R3) with respect to the following inner products:

〈u, v〉D1,2 :=
∫

〈∇u,∇v〉,

〈u, v〉H1 :=
∫

〈∇u,∇v〉 + uv

and

〈u, v〉X :=
∫

〈∇u,∇v〉 + ΔuΔv.

We remark that it is proved in [4, Appendix A.1] that if (u, φ, ω) ∈ H1(R3) × X (R3) × R is a weak
solution to (SBPa,ρ), then u ∈ C2(R3) and φ ∈ C4(R3). For this reason, we will state our results in
terms of solutions instead of weak solutions. In Sect. 2.1, we will define Ja ∈ C1(H1(R3)) such that if
u ∈ H1(R3) is a critical point of Ja|Sρ

and ω ∈ R is its associated Lagrange multiplier, then there exists
a unique φ ∈ X (R3) such that (u, φ, ω) is a solution to (SBPa,ρ), where

Sρ := {u ∈ H1(R3) : ‖u‖L2 = ρ}.

With that in mind, our problem becomes that of searching for critical points of Ja|Sρ
. Furthermore, if

(u, φ, ω) ∈ H1(R3) × X (R3) × R is a solution to (SBPa,ρ) such that

Ja,ρ := inf
v∈Sρ

Ja(v) = Ja(u),

then we will call it a least energy solution.
We are finally in position to state our main results. First, we guarantee the existence of least energy

solutions whenever 2 < p < 3 and ρ > 0 is sufficiently small:

Theorem A. If 2 < p < 3, then there exists Rp > 0 such that given a > 0 and ρ ∈]0, Rp[, the system
(SBPa,ρ) admits a least energy solution.

Similar arguments suffice to obtain least energy solutions whenever 3 < p < 10/3 and ρ > 0 is
sufficiently large:
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Theorem B. If 3 < p < 10/3, then there exists Rp > 0 such that given a > 0 and ρ > Rp, the system
(SBPa,ρ) admits a least energy solution.

Now, let us we focus on the case 2 < p < 14/5. Arguments similar to those in [5] allow us to obtain
the radiality of least energy solutions when ρ > 0 is sufficiently small:

Theorem C. Given p ∈]2, 14/5[, there exists Rp > 0 such that if a > 0, ρ ∈]0, Rp[ and (u, φ, ω) ∈
Sρ × X (R3) × R is a least energy solution to (SBPa,ρ), then u is radially symmetric up to translation.

Our last result is that if ρ > 0 is sufficiently small, then a family of least energy solutions to the
Schrödinger–Bopp–Podolsky system (indexed by a > 0) converges to a least energy solution to the
Schrödinger–Poisson–Slater system as a → 0:

Theorem D. If 2 < p < 14/5, then there exists Rp > 0 such that given ρ ∈]0, Rp[ and a set

{(ua, φa, ωa) ∈ H1(R3) × X (R3) × R : a > 0 and
(ua, φa, ωa) is a least energy solution to (SBPa,ρ)}, (1.2)

we conclude that (SPSρ) admits a least energy solution (u0, φ0, ω0) ∈ H1
rad(R

3) × D1,2
rad(R

3)×]0,∞[ such
that, up to translations and subsequences,

(ua, φa, ωa) → (u0, φ0, ω0) in H1(R3) × D1,2(R3) × R as a → 0.

We remark that Theorem A guarantees that if ρ > 0 is sufficiently small, then H1(R3) × X (R3) × R

admits a subset of the form (1.2).
Let us comment on our main results and their proofs. Theorems A and B are respectively analogous

to [2, Theorem 4.1] and [3, Theorem 1.1], where Bellazzini and Siciliano have instead considered the
Schrödinger–Poisson–Slater system. The proofs of Theorems A and B follow the same strategy: If we could
prove that minimizing sequences for Ja|Sρ

are precompact, then we would conclude that the infimum
infv∈Sρ

Ja(v) is achieved in Sρ. For this purpose, we follow the abstract framework for constrained
minimization problems developed by Bellazzini and Siciliano in [2,3].

Theorem C follows from slight changes to the general argument in [5]. We remark that Georgiev,
Prinari and Visciglia’s argument is based on the study of the behavior of least energy solutions under
an appropriate rescaling. In a certain sense, this rescaling allows one to approach the behavior of least
energy solutions to (SPSρ) as ρ → 0 by solutions to the semilinear partial differential equation

−Δu + Ωu = u|u|p−2,

where Ω > 0 is a certain constant. Due to the behavior of the energy functional Ja under rescalings (see
Lemma 2.3), the arguments of Georgiev, Prinari and Visciglia may only by applied in our current context
under the technical hypothesis 2 < p < 14/5.

The result [4, Theorem 1.3] was the source of inspiration for Theorem D. A nontrivial aspect of
Theorem D is the fact that the Lagrange multiplier ω0 is positive, which follows from [5] in the case
when 2 < p < 14/5 and ρ > 0 is sufficiently small (see Proposition 2.2). Indeed, d’Avenia and Siciliano
have instead considered the following unconstrained Schrödinger–Bopp–Podolsky system in their original
result:

{
−Δu + ωu + q2φu = u|u|p−2,

−Δφ + a2Δ2φ = 4πu2,

where ω > 0 is a fixed parameter. Their proof relies on the fact that the mapping Rω : H1
rad(R

3) →
H−1

rad(R
3) given by

Rωu = 〈∇u,∇·〉L2 + ω〈u, ·〉L2 .

is a Riesz isomorphism precisely because ω > 0. In this context, we present two arguments for convergence:
the first relies on the abstract minimization method by Bellazzini and Siciliano, and the second relies on
Riesz isomorphisms of the aforementioned form.
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Notation

Unless denoted otherwise, R3 is the implied domain of integration.
The subscript rad means that the corresponding Hilbert space is obtained as a completion of

C∞
c,rad(R

3) := {u ∈ C∞
c (R3) : u(x) = u(y) whenever |x| = |y|}

instead of a completion of C∞
c (R3).

Rescalings are a central tool in various results of this note. For this reason, we fix the following
notation: Given u ∈ H1(R3), β ∈ R and θ > 0, we define uβ,θ ∈ H1(R3) as the rescaling

uβ,θ(x) = θ1−3β/2u(θ−βx) for a.e. x ∈ R
3,

so that ‖uβ,θ‖L2 = θ‖u‖L2 .

2. Preliminaries

In this section, we present preliminary results which are relevant for our arguments. Only a few of these
are proved here because most of these correspond to well-documented facts.

2.1. Characterizing solutions to (SPSρ), (SBPa,ρ)

Fix u ∈ H1(R3). It is well known that the partial differential equation

−Δφ = 4πu2

admits a unique weak solution in D1,2(R3). Specifically, it is given by

φu
0 := u2 ∗ | · |−1,

where ∗ denotes the convolution.
Now, fix a > 0. D’Avenia and Siciliano prove in [4, Section 3.1] the following analogue result: The

partial differential equation

−Δφ + a2Δ2φ = 4πu2

admits a unique solution in X (R3). Specifically, it is given by

φu
a := u2 ∗ κa,

where κa : R3 \ {0} →]0, 1/a[ is given by

κa(x) =
1 − exp(−|x|/a)

|x| .

Consider (u, φ, ω) ∈ H1(R3) × X (R3) ×R. In view of the previous paragraph, we obtain the following
equivalence: (u, ϕ, ω) is a solution to (SBPa,ρ) if and only if ϕ = φu

a and (u, ω) satisfies
{

−Δu + ωu + φu
au = u|u|p−2,

‖u‖L2 = ρ.
(2.1)

In this context, we define the energy functional Ja : H1(R3) → R as

Ja(u) =
1
2
‖∇u‖2L2 +

1
4

∫

φu
au2 − 1

p
‖u‖p

Lp .
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Let us prove that Ja : H1(R3) → R is well defined. Due to the inequality κa ≤ | · |−1, the following is an
implication of the Hardy–Littlewood–Sobolev inequality ( [9, Section 4.3]):

there exists K > 0 such that∫

φu
au2 ≤

∫

φu
0u2 ≤ K‖u‖4L12/5 for every u ∈ L12/5(R3). (2.2)

The conclusion then follows from the Sobolev embeddings H1(R3) ↪→ Lp(R3), L12/5(R3).
We can employ usual arguments to prove that Ja : H1(R3) → R is a functional of class C1. With

such energy functional, we obtain the following variational characterization of solutions to (2.1): (u, ω) ∈
H1(R3) × R solves (2.1) precisely when u is a critical point of Ja|Sρ

and ω is its respective Lagrange
multiplier, i. e.,

d(Ja)u = −ω〈u, ·〉L2 ∈ H−1(R3).

We likewise define the energy functional J0 : H1(R3) → R and obtain a variational characterization of
solutions to (SPSρ).

We finish this section by stating a few facts about the energy functional: The following inequality will
be frequently used:

Ja(u) ≤ J0(u) for every a ≥ 0 and u ∈ H1(R3), (2.3)

which follows from the fact that κa ≤ | · |−1.
It suffices to argue precisely as in [3, Lemma 3.1] to prove that

Lemma 2.1. Given ρ > 0, there exists Cρ > 0 such that

Ja(u) + Cρρ
2 ≥ Cρ‖u‖2H1

for every a ≥ 0 and u ∈ Sρ.

If 2 < p < 3, then the Lagrange multipliers of solutions to (SPSρ) tend to a certain Ω > 0 as ρ → 0:

Proposition 2.2. [5, Proposition 1.3] If 2 < p < 3, then there exists Ω > 0 such that

sup
ω∈Aρ

|ω − Ω| → 0 as ρ → 0,

where given ρ > 0,

Aρ := {ω ∈ R : there exists u ∈ H1(R3) such that

(u, φu
0 , ω) ∈ H1(R3) × D1,2(R3) × R is a least energy solution to (SPSρ)}.

The following result explicitly shows an upper bound for the convolution term of the energy functional
Ja : H1(R3) → R when we consider rescalings of functions in H1(R3):

Lemma 2.3. Let a > 0, u ∈ H1(R3), β ∈ R and θ > 0. It holds that
∫

φ
uβ,θ
a u2

β,θ = θ4
∫

[u2
β,θ ∗ κa(θβ ·)](x)u(x)2dx ≤ θ4−β

∫

φu
0u2.

Proof. Let us begin by proving that
∫

φ
uβ,θ
a u2

β,θ = θ4
∫

[u2 ∗ κa(θβ ·)](x)u(x)2dx.

By definition,
∫

φ
uβ,θ
a u2

β,θ = θ2−3β

∫

φ
uβ,θ
a (x)u(θ−βx)2dx.
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A variable change yields
∫

φ
uβ,θ
a u2

β,θ = θ2
∫

φ
uβ,θ
a (θβy)u(y)2dy. (2.4)

Fix y ∈ R
3. By definition,

φ
uβ,θ
a (θβy) =

∫

κa(x − θβy)uβ,θ(x)2dx = θ2−3β

∫

κa(x − θβy)u(θ−βx)2dx.

A variable change shows that

φ
uβ,θ
a (θβy) = θ2

∫

κa(θβ(z − y))u(z)2dz.

Finally, the result follows from (2.4), the previous equality and the elementary inequality κa ≤ | · |−1.
�

It follows from elementary computations that

Lemma 2.4. Let u ∈ H1(R3) and β ∈ R. If a > 0 and we take I = Ja, then the function hu
β : ]0,∞[→ R

defined as hu
β(θ) = I(uβ,θ) − θ2I(u) satisfies

hu
β(θ) =

1
2
(θ2−2β − θ2)‖∇u‖2L2

+
1
4

[

θ4
∫ ∫

κa(θβ(y − x))u(y)2u(x)2dxdy − θ2
∫

φuu2

]

+

−1
p
[θ(1−3β/2)p+3β−2 − θ2]‖u‖p

Lp

and

(hu
β)′(1) = −β‖∇u‖2L2

+
1
4

[
β

a

∫ ∫

e−|y−x|/au(y)2u(x)2dxdy + (2 − β)
∫

φuu2

]

+

−1
p

[(

1 − 3
2
β

)

p + 3β − 2
]

‖u‖p
Lp .

2.2. The abstract minimization problem

In [2,3], Bellazzini and Siciliano developed an abstract framework to prove the existence of solutions to
constrained minimization problems. We shall follow this framework in our proofs of Theorems A and B, so
we begin by sketching a restricted version of their results which may be readily applied to the considered
problem.

Let T : H1(R3) → R be a functional and define I : H1(R3) → R as

I(u) =
1
2
‖∇u‖2L2 + T (u).

With these functionals in mind, we are interested in the constrained minimization problem

Iρ := inf
u∈Sρ

I(u),

for ρ ≥ 0, where we define I0 = 0.
In this context, the following results were developed by Bellazzini and Siciliano as to congregate

sufficient conditions to avoid dichotomy when applying Lions’ concentration-compactness principle. The
first one is a corollary of [2, Theorem 2.1]:
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Theorem 2.5. Suppose that

if ρ > 0 and (un)n∈N is a minimizing sequence for Iρ, then there exists

u∞ ∈ H1(R3) \ {0} such that, up to translations, un ⇀ u∞ as n → ∞; (2.5)
if 0 < μ < ρ, then Iρ ≤ Iμ + I√

ρ2−μ2 ; (2.6)

−∞ < Iρ < 0 for all ρ > 0; (2.7)
[0,∞[
 ρ �→ Iρ is continuous (2.8)

and

Iρ/ρ2 → 0 as ρ → 0. (2.9)

Suppose further that T : H1(R3) → R is a functional of class C1 and if ρ > 0 and (un)n∈N is a minimizing
sequence for Iρ, then

T (un − u∞) + T (u∞) − T (un) → 0 as n → ∞; (2.10)
T (αn(un − u∞)) − T (un − u∞) → 0 as n → ∞, (2.11)

where αn := ‖un − u∞‖−1
L2

√
ρ2 − ‖u∞‖2L2 for every n ∈ N;

lim sup
n→∞

dTun
un < ∞; (2.12)

(dTun
− dTum

)(un − um) → 0 as n,m → ∞. (2.13)

We conclude that given ρ > 0,

M(ρ) :=
⋃

μ∈]0,ρ]

{u ∈ Sμ : I(u) = Iμ} �= ∅.

If we suppose further that

given u ∈ M(ρ), there exists β ∈ R such that
]0,∞[
 θ �→ hu

β(θ) := I(uβ,θ) − θ2I(u) is differentiable and (hu
β)′(1) �= 0, (2.14)

then it holds that

]0,∞[
 ρ �→ Iρ/ρ2 is strictly decreasing. (MD)

Moreover, if (un)n∈N is a minimizing sequence for Iρ and un ⇀ u∞ �≡ 0 as n → ∞, then I(u∞) = Iρ

and ‖un − u∞‖H1 → 0 as n → ∞.

We remark that [2, Theorem 2.1] is more general than Theorem 2.5. For instance, [2, Theorem 2.1] is
also valid for more general Hilbert spaces, e.g., obtained as completions of C∞

c (R3), and one may take
paths of functions more general than those of the form ]0,∞[
 θ �→ uβ,θ ∈ H1(R3) in (2.14) (see [2,
Definitions 2.1, 2.2]). The second result we need is [3, Lemma 2.1]:

Lemma 2.6. Let ρ > 0, {un}n∈N ⊂ Sρ be a minimizing sequence for Iρ such that un ⇀ u∞ �≡ 0 as n → ∞
and let μ = ‖u∞‖L2 ∈]0, ρ]. Suppose that T : H1(R3) → R is a functional of class C1 such that (2.10),
(2.11) hold and suppose that

if 0 < μ < ρ, then Iρ < Iμ + I√
ρ2−μ2 . (2.15)

We conclude that u∞ ∈ Sρ. If we suppose further that (2.12), (2.13) also hold, then ‖un − u∞‖H1 → 0
as n → ∞.

Remark 2.7. It is well known that (MD) implies the strong subadditivity inequality (2.15) (see Proof of
Proposition 3.3). Moreover, (2.15) is equivalent to the condition that any minimizing sequence for I|Sρ

is precompact (see [2, Section 1.1]).
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Having introduced the abstract framework for minimization problems, let us state a few results which
help us see how it fits the problem presented in the introduction.

Lemma 2.8. If a > 0 and we take I = Ja : H1(R3) → R, then conditions (2.5), (2.6), (2.8) and (2.9) are
satisfied.

Proof. Condition (2.5) follows from [2, Proof of Theorem 4.1, Step 3]. It suffices to argue as in [8, Section
I.2] to prove that (2.6) holds. Conditions (2.8), (2.9) follow from [2, Proof of Theorem 4.1, Step 4]. �

It suffices to argue as in [3, Proposition 3.1] to prove the following lemma:

Lemma 2.9. If a > 0 and we take T : H1(R3) → R as given by

T (u) =
1
4

∫

φu
au2 − 1

p
‖u‖p

Lp ,

then conditions (2.10)–(2.13) are satisfied.

In the last result of this section, we argue as Bellazzini and Siciliano in [3, p. 275–6] to prove that
minimizing sequences for Ja|Sρ

do not converge in the weak sense to 0:

Lemma 2.10. Suppose that a ≥ 0, ρ > 0 and {un}n∈N ⊂ Sρ is a minimizing sequence for I := Ja such
that un ⇀ u∞ in H1(R3) as n → ∞. We conclude that u∞ �≡ 0.

Proof. If we suppose that

lim
n→∞

⎛

⎜
⎝ sup

y∈R3

∫

B1(y)

|un|2
⎞

⎟
⎠ = 0, (2.16)

then we conclude that un → 0 in Lp(R3) as n → ∞. Due to the definition of I and the fact that Lemma 2.1
implies Iρ < 0, we conclude that this contradicts the fact that (un)n∈N is a minimizing sequence for I|Sρ

.
As (2.16) does not hold, we obtain that there exist μ > 0 and {yn}n∈N ⊂ R

3 such that
∫

B1(0)

|un(· + yn)|2 ≥ μ

whenever n is large enough. The Sobolev embedding H1(B1(0)) ↪→ L2(B1(0)) is compact, so we conclude
that u∞ �≡ 0. �

3. Proofs of main results

3.1. Proof of Theorem A

It suffices to verify that the conditions of Theorem 2.5 are satisfied. Due to Lemmas 2.8 and 2.9, we only
need to verify that conditions (2.7) and (2.14) hold in the case I = Ja for an arbitrary a > 0. This is
done in the following lemmas:

Lemma 3.1. If a > 0 and I = Ja : H1(R3) → R, then condition (2.7) holds.

Proof. The fact that Iρ > −∞ for any ρ > 0 follows from Lemma 2.1.
Let us prove that there exists β ∈ R such that

0 <

(

1 − 3
2
β

)

p + 3β < min(4 − β, 2 − 2β). (3.1)



ZAMP Existence and limit behavior of least energy solutions Page 9 of 17    56 

First, suppose that 2 < p < 8/3. In this case, β ∈ R satisfies the previous inequality precisely when

β < min
(

8 − 2p

8 − 3p
,

2p

3p − 6

)

.

Now, suppose that p = 8/3. In this case, β ∈ R satisfies (3.1) precisely when

β <
4 − 2p

10 − 3p
.

Finally, suppose that 8/3 < p < 3. We have that β ∈ R satisfies (3.1) if and only if
2p − 8
3p − 8

< β <
4 − 2p

10 − 3p
.

There exists one such β ∈ R precisely when 8/3 < p < 3 or p > 10/3, hence the conclusion.
Fix u ∈ S1 and β ∈ R which satisfies (3.1). Due to (2.3) and Lemma 2.3, we conclude that

given a > 0 and ρ ∈]0, 1],

Ja(uβ,ρ) ≤ J0(uβ,ρ) ≤ ρ(1−3β/2)p+3β

[

ρα

(
1
2
‖∇u‖2L2 +

1
4

∫

φu
0u2

)

− 1
p
‖u‖p

Lp

]

, (3.2)

where

α := min(4 − β, 2 − 2β) −
[(

1 − 3
2
β

)

p + 3p

]

> 0.

It follows from (3.2) that there exists R > 0 such that if 0 < ρ < R, then

Ja,ρ ≤ J0,ρ ≤ J0(uβ,ρ) < 0.

In order to conclude, it suffices to note that it follows from (2.6) that given ρ > 0 such that 0 < μ <

ρ implies Ja,μ < 0, it holds that given α ∈ [1,
√

2[, 0 < μ < ρ implies Ja,αμ < 0. �

Lemma 3.2. If a > 0 and I = Ja : H1(R3) → R, then condition (2.14) is satisfied.

Proof. Suppose that (2.14) is not satisfied. In particular, we can fix {un}n∈N ⊂ M(ρ) such that ‖un‖L2 →
0 as n → ∞ and (hun

β )′(1) = 0 for every β ∈ R and n ∈ N.
Fix n ∈ N. We know that (hun

2/3)
′(1) = 0, so Lemma 2.4 implies

‖∇un‖2L2 =
1
2

{
1
2a

∫ ∫

e−|y−x|/aun(y)2un(x)2dxdy +
∫

φun
a u2

n

}

.

If we consider the previous equality and the elementary inequality

te−t/a/a ≤ (1 − e−t/a) for t ≥ 0,

then we obtain

0 ≤ ‖∇un‖2L2 ≤ 1
4a

(1 + 2a)
∫

φun
a u2

n. (3.3)

We know that (hun
0 )′(1) = 0, so Lemma 2.4 also implies

1
p
‖un‖p

Lp =
1
4

2
p − 2

∫

φun
a u2

n. (3.4)

As κa ≤ 1/a, it follows from Young’s inequality ( [9, Theorem 4.2]) that

0 ≤
∫

φun
a u2

n ≤ 1
a
‖un‖4L2 → 0 as n → ∞.

In view of (3.3) and (3.4), we deduce that

‖∇un‖L2 , ‖un‖Lp → 0 as n → ∞.



   56 Page 10 of 17 G. de Paula Ramos and G. Siciliano ZAMP

By continuity, we conclude that I(un) → 0 as n → ∞. To summarize, we know that

I(un), ‖∇un‖L2 , ‖un‖Lp ,

∫

φun
a u2

n → 0 as n → ∞. (3.5)

The previous expression is analogous to [2, (4.10)], so we can continue the argument as in Bellazzini
and Siciliano’s article. Let us finish the proof in the case 2 < p < 12/5 because similar arguments suffice
for the other cases (see [2, p. 2502–3]). It follows from (2.2) and the Gagliardo–Nirenberg interpolation
inequality ( [7, Theorem 12.83]) that there exists C1 > 0 such that

∫

φun
a u2

n ≤
∫

φun
0 u2

n ≤ K‖un‖4L12/5 ≤ C1‖un‖4α
Lp‖un‖4(1−α)

L6 ,

for every n ∈ N, where α := 3p/[2(6 − p)]. Due to Sobolev embeddings and (3.3), we conclude that there
exists C2 > 0 such that given n ∈ N,

∫

φun
a u2

n ≤ C2

(∫

φun
a u2

n

)4α/p+4(1−α)/2

.

As 4α/p + 4(1 − α)/2 > 1, we obtain a contradiction with (3.5). �

3.2. Proof of Theorem B

Our first goal is to establish the following analogue to [3, Lemma 3.2]:

Proposition 3.3. Given p ∈]3, 10/3[, there exists Rp > 0 such that given a > 0 and ρ > Rp,
(i) −∞ < Ja,ρ < 0;
(ii) Ja,ρ < Ja,μ + J

a,
√

ρ2−μ2 whenever 0 < μ < ρ.

Proof. Let us prove item (i). The fact that Ja,ρ > −∞ for any ρ > 0 follows from Lemma 2.1. It is easy
to check that

(1 − 3β/2)p + 3β > max(4 − β, 2 − 2β, 0)

if and only if
4 − 2p

10 − 3p
< β <

2p − 8
3p − 8

.

We can fix one such β ∈ R due to the hypothesis 3 < p < 10/3. Fix u ∈ S1. Due to (2.3) and Lemma 2.3,
we conclude that

given a > 0 and ρ ∈ [1,∞[,

Ja(uβ,ρ) ≤ J0(uβ,ρ) ≤ ρmax(4−β,2−2β)

[
1
2
‖∇u‖2L2 +

1
4

∫

φu
0u2 − ρα

p
‖u‖p

Lp

]

, (3.6)

where

α :=
(

1 − 3
2
β

)

p + 3p − max(4 − β, 2 − 2β) > 0.

It follows from (3.6) that there exists Rp > 0 such that if ρ > Rp, then given a > 0,

Ja,ρ ≤ J0,ρ ≤ J0(uβ,ρ) < 0.

The previous inequality concludes the proof.
Now, let us prove item (ii). It suffices to prove that there exists Rp > 0 such that

]Rp,∞[
 ρ �→ Ja,ρ/ρ2 is strictly decreasing. (3.7)



ZAMP Existence and limit behavior of least energy solutions Page 11 of 17    56 

Indeed, the previous assertion implies

Ja,ρ =
μ2

ρ2
Ja,ρ +

ρ2 − μ2

ρ2
Ja,ρ < Ja,μ + J

a,
√

ρ2−μ2

whenever ρ > Rp and 0 < μ < ρ. In this situation, let us prove that (3.7) holds. Take Rp > 0 as provided
by item (ii). Note that it suffices to prove that given ρ > Rp,

d
dθ

(Ja,θρ

θ2

)∣
∣
∣
∣
θ=1

< 0.

We remark that given u ∈ H1(R3) and β ∈ R, it holds that

(hu
β)′(1) =

d
dθ

[Ja(uβ,θ)
θ2

]∣
∣
∣
∣
θ=1

.

Therefore, it suffices to prove that if ρ > Rp, then there exist u ∈ Sρ and β ∈ R such that (hu
β)′(1) < 0.

We know that −∞ < Ja,ρ < 0, so we can fix u ∈ Sρ such that Ja(u) < 0. In particular, it holds that

− 1
p
‖u‖p

Lp < −
(

1
2
‖∇u‖2L2 +

1
4

∫

φu
au2

)

. (3.8)

Suppose that β < 0. We have
[(

1 − 3
2
β

)

p + 3β − 2
]

> 0,

so we can use Lemma 2.4 and (3.8) to obtain

(hu
β)′(1) < −1

2

[(

1 − 3
2
β

)

p + 5β − 2
]

‖∇u‖2L2 +

−1
4

[(

1 − 3
2
β

)

p + 4β − 4
] ∫

φu
au2.

There exists β < 0 such that
[(

1 − 3
2
β

)

p + 5β − 2
]

,

[(

1 − 3
2
β

)

p + 4β − 4
]

> 0

if and only if

4 − 2p

10 − 3p
< 0 and

4 − 2p

10 − 3p
<

2p − 8
3p − 8

.

We remark that there exists β < 0 which satisfies the previous condition precisely when 3 < p < 10/3.
Due to the previous paragraphs, we can fix β < 0 for which there exists Cβ > 0 such that if Ja(v) < 0,

then (hv
β)′(1) ≤ −Cβ‖∇v‖2L2 .

Fix {vn}n∈N ⊂ Sρ such that Ja(vn) → Ja,ρ < 0 as n → ∞. Let us prove that, up to subsequence,
there exists k > 0 such that ‖∇vn‖L2 > k for every n ∈ N. Indeed, suppose otherwise. Up to subsequence,
we can suppose that ‖∇vn‖L2 → 0 as n → ∞. The Gagliardo–Nirenberg interpolation inequality implies
‖vn‖Lp → 0 as n → ∞, so we conclude that Ja,ρ = 0, which contradicts our hypothesis.

We conclude that if θ > 1 is sufficiently close to 1, then

Ja,θρ

θ2
≤ Ja,ρ − 1

2
(θ − 1)Cβk.

Finally, (3.7) follows from the previous inequality. �

Now, we will use Proposition 3.3 to prove Theorem B:
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Proof of Theorem B. Let Rp > 0 be given by Proposition 3.3 and fix ρ > Rp. Let I = Ja : H1(R3) → R

and (un)n∈N be a minimizing sequence for I|Sρ
. Due to Lemma 2.1, {un}n∈N is a bounded subset of

H1(R3). It follows from Lemma 2.10 that there exists u∞ ∈ H1(R3)\{0} such that ‖u∞‖L2 ≤ ρ and, up
to subsequence and translations, un ⇀ u∞ as n → ∞. Due to Lemma 2.9, we know that (2.10)–(2.13)
are satisfied. Proposition 3.3 guarantees that (2.15) holds. In this situation, we can apply Lemma 2.6 to
conclude that u∞ ∈ Sρ and I(u∞) = Iρ. �

3.3. Proof of Theorem C

The theorem will follow from a few adjustments in the arguments of [5]. In this context, we employ
Georgiev, Prinari and Visciglia’s notation in this section for the convenience of the reader. Consider the
following adjustments:

(i) Suppose that 2 < p < 14/5 instead of 2 < p < 3;
(ii) [5, Remark 0.1] can be reformulated in the present context as the existence of least energy solutions

to (SBPa,ρ) (which is guaranteed by Theorem A);
(iii) One should take α(p) = (28 − 10p)/(10 − 3p) (which is positive precisely when p < 14/5);
(iv) Given ρ ≥ 0, one should take

Jρ,p := inf
u∈S1

{
1
2
‖∇u‖2L2 + ρα(p) 1

4

∫

[u2 ∗ κa(θβ ·)](x)u(x)2dx − 1
p
‖u‖p

Lp

}

and Eρ,p : H1(R3) → R should be defined as

Eρ,p(u) =
1
2
‖∇u‖2L2 + ρ

1
4

∫

[u2 ∗ κa(θβ ·)](x)u(x)2dx − 1
p
‖u‖p

Lp ,

where

β := − 2p − 4
4 − 3(p − 2)

;

(v) Mentions to the problem

−Δv + ωv + ρ(v2 ∗ | · |−1) − v|v|p−2 = 0

should be replaced by mentions to

−Δv + ωv + ρφv
av − v|v|p−2 = 0.

3.4. Proof of Theorem D

In order to prove Theorem D, we need two preliminary lemmas. We begin by proving that, under certain
hypotheses, Ja,ρ → J0,ρ as a → 0:

Lemma 3.4. Consider ρ > 0 and a family of minimizers

{ua ∈ Sρ : Ja(ua) = Ja,ρ and a > 0}.

We conclude that Ja,ρ → J0,ρ as a → 0.

Proof. It follows from (2.3) that Ja,ρ ≤ J0,ρ for any a ≥ 0, so it suffices to prove that J0,ρ ≤
lim infa→0 Ja,ρ. Given a > 0, we have

J0,ρ ≤ J0(ua) = Ja,ρ +
∫ ∫

e−|x−y|/a

|x − y| ua(x)2ua(y)2dxdy

︸ ︷︷ ︸
=:f(a)

.
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In this situation, we only have to prove that f(a) → 0 as a → 0.
Fix a ∈]0, 1[. It follows from a change of variable that

f(a) =
∫

e−|z|/a

|z|
∫

ua(x)2ua(x − z)2dxdz.

Clearly,

f(a) =
∫

{z∈R3:|z|<a|log a|}

e−|z|/a

|z|
∫

ua(x)2ua(x − z)2dxdz

︸ ︷︷ ︸
=:g(a)

+
∫

{z∈R3:|z|≥a|log a|}

e−|z|/a

|z|
∫

ua(x)2ua(x − z)2dxdz

︸ ︷︷ ︸
=:h(a)

.

Let us bound g(a). We know that ua ∈ L8/3(R3), so it follows from Young’s inequality that

R
3 
 z �→

∫

ua(x)2ua(x − z)2dx

is in L2(R3). More precisely,
∥
∥
∥
∥

∫

ua(x)2ua(x − ·)2dx

∥
∥
∥
∥

L2

≤ ‖ua‖4L8/3 . (3.9)

It is clear that

R
3 
 z �→ 1

|z|χ{z∈R3:|z|<a|log a|}

is in L2(R3). More precisely,
∫

{z∈R3:|z|<a|log a|}

1
|z|2 dz = 4πa|log a|.

Considering (3.9) and the previous expression, we can use the Cauchy–Schwarz inequality to obtain

g(a) ≤ 4πa|log a|‖ua‖4L8/3 . (3.10)

Let us bound h(a). As e−t/a ≤ a for t ≥ a|log a|, we can use assertion (2.2) to conclude that

h(a) ≤ Ka‖ua‖4L12/5 . (3.11)

The bounds (3.10), (3.11) were obtained for an arbitrary a ∈]0, 1[ so we only need to prove that

{‖ua‖L8/3 : 0 < a < 1}, {‖ua‖L12/5 : 0 < a < 1}
are bounded to conclude by considering the respective limits as a → 0. Indeed, it follows from Lemma 2.1
that {‖ua‖H1 : a > 0} is bounded. Finally, the Sobolev embeddings H1(R3) ↪→ L8/3(R3), L12/5(R3) let
us conclude. �

Our last preliminary lemma is a result in [4], and we provide its proof for the reader’s convenience:

Lemma 3.5. ([4, Lemma 6.1]) Let {f0} ∪ {fa : 0 < a < 1} ⊂ L6/5(R3). Let φ0 be the unique solution in
D1,2(R3) to the partial differential equation

− Δφ = f0. (3.12)
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Given a ∈]0, 1[, let φa be the unique solution in X (R3) to the partial differential equation

− Δφ + a2Δ2φ = fa. (3.13)

As a → 0, we have:
(i) if fa ⇀ f0 in L6/5(R3), then φa ⇀ φ0 in D1,2(R3);
(ii) if fa → f0 in L6/5(R3), then φa → φ0 in D1,2(R3) and aΔφa → 0 in L2(R3).

Proof. Let us prove that as a → 0, if fa ⇀ f0 in L6/5(R3), then φa ⇀ φ0 in D1,2(R3). Due to the Sobolev
embedding D1,2(R3) ↪→ L6(R3), there exists C > 0 such that

‖u‖L6 ≤ C‖∇u‖L2 for every u ∈ D1,2(R3). (3.14)

Fix a ∈]0, 1[. It follows from the fact that φa is a solution to (3.13) and from Hölder’s inequality that

‖∇φa‖2L2 + a2‖Δφa‖2L2 =
∫

faφa ≤ ‖fa‖L6/5‖φa‖L6 .

By considering (3.14) and the previous inequality, we conclude that

‖∇φa‖L2 ≤ C‖fa‖L6/5 , a‖Δφa‖L2 ≤ C‖fa‖L6/5 . (3.15)

We know that fa ⇀ f0 in L6/5(R3) as a → 0, so {fa : 0 < a < 1} is a bounded subset of L6/5(R3). It
follows from (3.15) that {φa : 0 < a < 1} is a bounded subset of D1,2(R3). In particular, we conclude that
for any {an}n∈N ⊂]0, 1[, there exists φ∗ ∈ D1,2(R3) such that, up to subsequence, φan

⇀ φ∗ in D1,2(R3)
as n → ∞. In order to conclude, it suffices to prove that if {an}n∈N ⊂]0, 1[ satisfies an → 0 as n → ∞
and φan

⇀ φ∗ in D1,2(R3) as n → ∞, then φ∗ = φ0.
Fix ψ ∈ C∞

c (R3) and n ∈ N. The function φan
is a solution to (3.13), so

∫

〈∇φan
,∇ψ〉 + a2

nΔφan
Δψ =

∫

fan
ψ. (3.16)

It follows from (3.15) and the equality above that

a2
n

∫

Δφan
Δψ ≤ a2

n‖Δφan
‖L2‖Δψ‖L2 ≤ Ca2

n‖fan
‖L6/5‖Δψ‖L2 .

Considering the previous paragraph and the fact that {fa : 0 < a < 1} is a bounded subset of
L6/5(R3), we can take the limit as n → ∞ to conclude that

∫

〈∇φ∗,∇ψ〉 =
∫

f0ψ for any ψ ∈ C∞
c (R3).

The function φ0 is the unique solution to (3.12) in D1,2(R3), so the previous assertion implies φ∗ = φ0.
At this point, we have proved the first assertion of the lemma.

Let us prove that as a → 0, if fa → f0 in L6/5(R3), then φa → φ0 in D1,2(R3). We know that ‖∇ · ‖L2

is weakly lower semicontinuous and it follows from the previous item that φa ⇀ φ0 in D1,2(R3) as a → 0,
so

‖∇φ0‖2L2 ≤ lim inf
a→0

‖∇φa‖2L2 . (3.17)

Fix {ψn}n∈N ⊂ C∞
c (R3) such that ψn → φ0 in D1,2(R3) as n → ∞.

Fix a ∈]0, 1[ and let Ea : X (R3) → R be given by

Ea(φ) =
1
2
‖∇φ‖2L2 +

a2

2
‖Δφ‖2L2 −

∫

faφ.

Due to the equality Ea(φa) = minu∈X (R3) Ea(u), we obtain

1
2
‖∇φa‖2L2 ≤ 1

2
‖∇ψn‖2L2 +

a2

2
‖Δψn‖2L2 −

∫

fa(ψn − φa) for every n ∈ N.
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The function φ0 solves (3.12) and it follows from the previous assertion of the lemma that φa ⇀ φ0

in D1,2(R3) as a → 0, so
∫

faφa → ∫
f0φ0 as a → 0. It follows from the previous limit and the previous

paragraph that given n ∈ N,

lim sup
a→0

1
2
‖∇φa‖2L2 ≤ 1

2
‖∇ψn‖2L2 −

∫

f0(ψn − φ0).

Passing to the limit n → ∞, we obtain

lim sup
a→0

1
2
‖∇φa‖2L2 ≤ ‖∇φ0‖2L2 . (3.18)

It follows from (3.17) and (3.18) that ‖∇φa‖2L2 → ‖∇φ0‖2L2 as a → 0. We already knew that φa ⇀ φ0 in
D1,2(R3) as a → 0, so we conclude that φa → φ0 in D1,2(R3) as a → 0.

Finally, the last limit in the statement of the lemma follows trivially. �

Having established these preliminary lemmas, we can finally prove the theorem:

Proof of Theorem D. Theorem C guarantees that there exists Rp > 0 such that if a > 0 and 0 < ρ < Rp,
then, up to translations, (1.2) is a subset of H1

rad(R
3) × Xrad(R3) × R. Up to further decreasing Rp > 0,

it follows from Proposition 2.2 that given ρ ∈]0, Rp[,

if (u, φu
0 , ω) ∈ H1(R3) × D1,2(R3) × R

is a least energy solution to SPSρ, then ω > 0. (3.19)

It follows from Lemmas 2.1 and 3.4 that

{‖ua‖H1 : a > 0} is bounded. (3.20)

Let us prove that

{ωa : a > 0} is bounded. (3.21)

It is clear that

ωa =
1
ρ2

(

‖ua‖p
Lp − ‖∇ua‖2L2 −

∫

φua
a u2

a

)

for every a ∈]0, 1[. (3.22)

Due to this previous expression, (3.21) follows from (2.2), (3.20) and the Sobolev embeddings H1(R3) ↪→
Lp(R3), L12/5(R3).

Fix {an}n∈N ⊂]0, 1[ such that an → 0 as n → ∞. To clear up the notation, define (un, φn, ωn) =
(uan

, φan
, ωan

) for every n ∈ N. Due to (3.20), there exists u0 ∈ H1
rad(R

3) such that, up to subsequence,
un ⇀ u0 in H1

rad(R
3) as n → ∞.

It follows from Lemma 3.4 that (un)n∈N is a minimizing sequence for J0|Sρ
, so we can use Lemma 2.10

to conclude that u0 �≡ 0. It was proved in [3] that Lemma 2.6 may be applied in the case a = 0, so we
conclude that u0 ∈ Sρ is a minimizer of I := J0|Sρ

and un → u0 in H1
rad(R

3) as n → ∞. In particular,
we conclude that (u0, φ0, ω0) is a least energy solution to (SPSρ), where φ0 is the unique function in
D1,2(R3) which satisfies

−Δφ0 = 4πu2
0

and

ω0 :=
1
ρ2

(

‖u0‖p
Lp − ‖∇u0‖2L2 −

∫

φ0u
2
0

)

.

Furthermore, implication (3.19) shows that ω0 > 0.
Let us present an alternative proof (based on [4, Proof of Theorem 1.3]) that un → u0 in H1

rad(R
3) as

n → ∞. Let R : H1
rad(R

3) → H−1
rad(R

3) be the Riesz isomorphism given by

Rv = 〈∇v,∇·〉L2 + ω0〈v, ·〉L2 .
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Given n ∈ N, it holds that

Run + ωn〈un, ·〉L2 + 〈φun
an

un, ·〉L2 = 〈un|un|p−2, ·〉L2 + ω0〈un, ·〉L2 ,

so

un = −R−1〈φun
an

un, ·〉L2 + R−1〈un|un|p−2, ·〉L2 + (ω0 − ωn)R−1〈un, ·〉L2 . (3.23)

Due to (3.21), we know that (ω0 − ωn)n∈N converges up to subsequence. The Sobolev embeddings
H1

rad(R
3) ↪→ L12/5(R3), Lp(R3) are compact so, up to subsequence, the right-hand side of (3.23) con-

verges as n → ∞. We conclude that, up to subsequence, un → u0 in H1
rad(R

3) as n → ∞.
The compact embedding H1

rad(R
3) ↪→ L12/5(R3) implies u2

n → u2
0 in L6/5(R3) as n → ∞, so we can

apply Lemma 3.5 to conclude that φn → φ0 ∈ H1(R3) in D1,2(R3) as n → ∞.
To prove that ωn → ω0 as n → ∞, it suffices to consider (3.22) and take limits while considering the

aforementioned Sobolev embeddings. �
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