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Existence and limit behavior of least energy solutions to constrained Schrodinger—
Bopp-Podolsky systems in R3

Gustavo de Paula Ramos@® and Gaetano Siciliano

Abstract. Consider the following Schrédinger-Bopp—Podolsky system in R? under an L2-norm constraint,

—Au+ wu + pu = ulu|P~2,
_A¢+ a2A2¢ — 47ru2,

lullp2 = p,

where a, p > 0 are fixed, with our unknowns being u, ¢: R? — R and w € R. We prove that if 2 < p < 3 (resp., 3 < p < 10/3)
and p > 0 is sufficiently small (resp., sufficiently large), then this system admits a least energy solution. Moreover, we prove
that if 2 < p < 14/5 and p > 0 is sufficiently small, then least energy solutions are radially symmetric up to translation,
and as a — 0, they converge to a least energy solution of the Schrédinger—Poisson-Slater system under the same L2-norm
constraint.
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1. Context and main results

Up to normalization, we can model the behavior of a free quantum particle under electrostatic interaction
with a potential ¢: R? x R — R by the nonlinear Schrédinger equation

Zatw = _Aw¢+¢¢_¢|w|pi27 (11)

where ¢: R? x R — C denotes the wave function of the particle and p > 2 is fixed. Specifically, we
will consider the scenario where the particle is only under electrostatic self-interaction and we search for
standing wave solutions to (1.1), i.e., wave functions of the form ¢ (z,t) = u(x)e™?, and we solve for the
unknowns u: R®> — R and w € R. In other words, by replacing such an ansatz in (1.1), we reduce our
problem to that of searching for pairs (u,w), where u: R® — R is a function that solves an elliptic problem
under an L2?-norm constraint ||ul[z2 = p > 0 and the wave frequency w € R is its respective Lagrange
multiplier. We remark that this constraint also models the fact that u2 is the respective electrical charge
density, and consequently, p? is known a priori to be the electrical charge of the quantum particle in
question.

Under the framework of Maxwell’s electromagnetic theory, this scenario is described by the following
Schrodinger—Poisson—Slater system under an L?-norm constraint,

—Au + wu + pu = uluP2
—A¢ = 4mu?, (SPS,)

[ullz2 = p,

Published online: 09 February 2023
) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00033-023-01950-w&domain=pdf
http://orcid.org/0000-0001-6618-9465

56 Page 2 of 17 G. de Paula Ramos and G. Siciliano ZAMP

where p > 0 is fixed and u, ¢: R?* — R, w € R are our unknowns. In this context, the goal of this note is
to prove that the following Schrédinger—Bopp—Podolsky system under a constraint,

—Au+ wu + du = ululP72,
—A¢ + a?A%p = 4mu?, (SBP,,)
[ullz = p,

also satisfies some properties which (SPS,) is well known to satisfy in the case p €]2,10/3[\{3}. In fact,
the system (SBP, ,) is obtained when one considers the framework of the Bopp—Podolsky electromagnetic
theory, and we refer the reader to [4, Section 2] for a more detailed deduction of such a system.

Since d’Avenia and Siciliano’s 2019 publication [4], the Schrodinger—-Bopp—Podolsky system has be-
come the object of research in a number of recent works. In fact, the Neumann problem for the Schrodinger—
Bopp-Podolsky under an L2-norm constraint was considered in Afonso and Siciliano’s 2021 article [1],
where the Kranoselskii genus was used to prove that, under certain conditions on the boundary, the
Schrodinger—-Bopp—Podolsky system in a bounded domain with nonconstant coupling admits infinite so-
lutions. A setting similar to Afonso and Siciliano’s was considered in Soriano Hernandez’ thesis [6], where
genus theory was applied on the corresponding Dirichlet problem to analogously deduce the existence of
an infinite number of solutions.

Technically, we will consider weak solutions to (SBP,_,) (resp., to (SPS,)) in H'(R?) x X(R3) (resp.,
in H'(R?) x DV2(R3)), where DV2(R?), H!(R?) and X (R?) are obtained as the respective Hilbert space
completions of C°(R3) with respect to the following inner products:

()i i= [ (Vu,90),

(u,v) g1 := /<V’LL7VU> + uw
and
(u,v) x := /(Vu, Vu) + Aulwv.

We remark that it is proved in [4, Appendix A.1] that if (u,¢,w) € HY(R?) x X(R?) x R is a weak
solution to (SBP, ,), then u € C?(R?) and ¢ € C*(R3). For this reason, we will state our results in
terms of solutions instead of weak solutions. In Sect.?2.1, we will define 7, € C*(H(R?)) such that if
u € HY(R3) is a critical point of ja|sp and w € R is its associated Lagrange multiplier, then there exists

a unique ¢ € X(R?) such that (u,$,w) is a solution to (SBP, ,), where
S, = {ue H' (R?) : ||u||L: = p}.

With that in mind, our problem becomes that of searching for critical points of 7| S, Furthermore, if
(u, ¢, w) € H'(R?) x X(R?) x R is a solution to (SBP, ,) such that

a : i a a K
\.7 3P - vleIISfpj (7.)) \7 (u)
then we will call it a least energy solution.

We are finally in position to state our main results. First, we guarantee the existence of least energy
solutions whenever 2 < p < 3 and p > 0 is sufficiently small:

Theorem A. If 2 < p < 3, then there exists R, > 0 such that given a > 0 and p €]0, R,][, the system
(SBP,,,) admits a least energy solution.

Similar arguments suffice to obtain least energy solutions whenever 3 < p < 10/3 and p > 0 is
sufficiently large:
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Theorem B. If 3 < p < 10/3, then there exists R, > 0 such that given a > 0 and p > R,, the system
(SBP, ,) admits a least energy solution.

Now, let us we focus on the case 2 < p < 14/5. Arguments similar to those in [5] allow us to obtain
the radiality of least energy solutions when p > 0 is sufficiently small:

Theorem C. Given p €]2,14/5], there exists R, > 0 such that if a > 0, p €]0,R,[ and (u,¢,w) €
S, x X(R3) x R is a least energy solution to (SBP, ), then u is radially symmetric up to translation.

Our last result is that if p > 0 is sufficiently small, then a family of least energy solutions to the
Schrodinger-Bopp—Podolsky system (indexed by a > 0) converges to a least energy solution to the
Schrédinger—Poisson—Slater system as a — 0:

Theorem D. If 2 < p < 14/5, then there exists R, > 0 such that given p €]0, R,[ and a set
{(ta) Pa,wa) € HY(R?) x X(R®*) x R:a >0 and
(Uq, Pa,wa) is a least energy solution to (SBP, )}, (1.2)

we conclude that (SPS,) admits a least energy solution (ug, ¢o,wo) € HL 4(R?) x Drlii(R?’)x]O,oo[ such

rad
that, up to translations and subsequences,
Ugy Qa,Wa) — (U wo) in HYR3) x DV2(R?) x R as a — 0.
(Uas Parwa) — (u0, Po,wo)

We remark that Theorem A guarantees that if p > 0 is sufficiently small, then H'(R?) x X(R3) x R
admits a subset of the form (1.2).

Let us comment on our main results and their proofs. Theorems A and B are respectively analogous
to [2, Theorem 4.1] and [3, Theorem 1.1], where Bellazzini and Siciliano have instead considered the
Schrodinger—Poisson—Slater system. The proofs of Theorems A and B follow the same strategy: If we could
prove that minimizing sequences for 7| s, are precompact, then we would conclude that the infimum
inf,es, Ja(v) is achieved in S,. For this purpose, we follow the abstract framework for constrained
minimization problems developed by Bellazzini and Siciliano in [2,3].

Theorem C follows from slight changes to the general argument in [5]. We remark that Georgiev,
Prinari and Visciglia’s argument is based on the study of the behavior of least energy solutions under
an appropriate rescaling. In a certain sense, this rescaling allows one to approach the behavior of least
energy solutions to (SPS,) as p — 0 by solutions to the semilinear partial differential equation

—Au + Qu = u|u|P~2,

where © > 0 is a certain constant. Due to the behavior of the energy functional 7, under rescalings (see
Lemma 2.3), the arguments of Georgiev, Prinari and Visciglia may only by applied in our current context
under the technical hypothesis 2 < p < 14/5.

The result [4, Theorem 1.3] was the source of inspiration for Theorem D. A nontrivial aspect of
Theorem D is the fact that the Lagrange multiplier wg is positive, which follows from [5] in the case
when 2 < p < 14/5 and p > 0 is sufficiently small (see Proposition 2.2). Indeed, d’Avenia and Siciliano
have instead considered the following unconstrained Schrodinger-Bopp—Podolsky system in their original
result:

—Au + wu + ¢?pu = ulu|P~2,

—A¢ + a’A%¢ = 4u?,
where w > 0 is a fixed parameter. Their proof relies on the fact that the mapping R, : HL  (R?) —
H_!(R®) given by

Rwu = <VU, V'>L2 + (.«.)<U7 '>L2 .
is a Riesz isomorphism precisely because w > 0. In this context, we present two arguments for convergence:
the first relies on the abstract minimization method by Bellazzini and Siciliano, and the second relies on
Riesz isomorphisms of the aforementioned form.
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Notation

Unless denoted otherwise, R? is the implied domain of integration.
The subscript rad means that the corresponding Hilbert space is obtained as a completion of

< JR3) :={u € C*(R?) : u(z) = u(y) whenever |z| = |y|}

c,rad

instead of a completion of C2°(R3).
Rescalings are a central tool in various results of this note. For this reason, we fix the following
notation: Given u € H'(R?), 8 € R and 6 > 0, we define ugy € H'(R?) as the rescaling

up g(x) = 017382467 Pz) for a.e. x € R®,

so that ||U5,9 |L2 = 9Hu||L2

2. Preliminaries

In this section, we present preliminary results which are relevant for our arguments. Only a few of these
are proved here because most of these correspond to well-documented facts.

2.1. Characterizing solutions to (SPS,), (SBP,,,)

Fix u € H'(R3). It is well known that the partial differential equation
—A¢ = 4ru?
admits a unique weak solution in D2?(R3). Specifically, it is given by
oy =ut x|t
where % denotes the convolution.

Now, fix a > 0. D’Avenia and Siciliano prove in [4, Section 3.1] the following analogue result: The
partial differential equation

—A¢+ a’A%¢ = 4mu?
admits a unique solution in X'(R3). Specifically, it is given by
oy = u® ¥ K,
where k,: R?\ {0} —]0,1/a] is given by

11— exp(—al/a)
]

K () .
Consider (u, ¢,w) € H(R?) x X(R?) x R. In view of the previous paragraph, we obtain the following
equivalence: (u,¢,w) is a solution to (SBP, ,) if and only if ¢ = ¢¢ and (u,w) satisfies

—Au + wu + ¢lu = uluP~2, (2.1)
[ullr2 = p. '

In this context, we define the energy functional J,: H'(R?) — R as

1 1

u 1
Tulw) = 3 IVulls + 7 [ 6t = S full.
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Let us prove that J,: H*(R?) — R is well defined. Due to the inequality #, < |- |7, the following is an
implication of the Hardy—Littlewood—Sobolev inequality ( [9, Section 4.3]):

there exists K > 0 such that
/(ﬁgu? < /(j)qu < K ||ul|312/5 for every u € LY?/5(R?). (2.2)

The conclusion then follows from the Sobolev embeddings H!(R?) «— LP(R?), L'2/5(R3).

We can employ usual arguments to prove that J,: H!(R3) — R is a functional of class C''. With
such energy functional, we obtain the following variational characterization of solutions to (2.1): (u,w) €
H'(R?) x R solves (2.1) precisely when u is a critical point of Ju|g and w is its respective Lagrange
multiplier, i. e.,

Ad(Jo)u = —wlu,-yp2 € HH(R?).

We likewise define the energy functional J5: H!(R?) — R and obtain a variational characterization of
solutions to (SPS,).

We finish this section by stating a few facts about the energy functional: The following inequality will
be frequently used:

Tu(u) < Jo(u) for every a >0 and u € H'(R?), (2.3)

which follows from the fact that r, < |-|7'.
It suffices to argue precisely as in [3, Lemma 3.1] to prove that

Lemma 2.1. Given p > 0, there exists C, > 0 such that
Ja(u) + Cpp2 > Cp”“”?{l
for every a >0 and u € S,,.
If 2 < p < 3, then the Lagrange multipliers of solutions to (SPS,) tend to a certain > 0 as p — 0:

Proposition 2.2. [5, Proposition 1.3] If 2 < p < 3, then there exists Q > 0 such that

sup |w—Q| —=0asp—0,
weA,

where given p > 0,
A, :={weR: there exists u € H'(R®) such that
(u, ¢, w) € H(R?) x DV2(R?) x R is a least energy solution to (SPS,)}.

The following result explicitly shows an upper bound for the convolution term of the energy functional
Tu: Hl(]R3) — R when we consider rescalings of functions in Hl(R3):

Lemma 2.3. Leta >0, u € H*(R?), 3 € R and 6 > 0. It holds that
/¢““ 2 = 94/[11%)9 % Ka(0°)](x)u(x)?de < 94_ﬂ/¢3u2

Proof. Let us begin by proving that

/qbgﬁ’eu%’e =¢ /[u2 % kg (08 )] (x)u(x)?de.
/(;5"” 2 = 02*36/gf)gﬁ’g(x)u(@*ﬂ:cfdx.

By definition,
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A variable change yields
[oreig =0 [ o @ putray. (24)
Fix y € R3. By definition,
ba”? (0°y) = //@a(w — 0Py ugp(z)?de = 0>730 / Koz — 0Py u(0~Px)’de.

A variable change shows that
ba" (0Py) = 62 / ka(0° (2 — y))u(2)?dz.

Finally, the result follows from (2.4), the previous equality and the elementary inequality &, < |-|71.
O

It follows from elementary computations that
Lemma 2.4. Let u € H*(R3) and B € R. If a > 0 and we take I = J,, then the function hj:]0,00[— R
defined as h5(0) = I(upg) — 6°I(u) satisfies

U 1 —
B5(60) = 5(6°2 = %) |Vl

J& [94 / / k(07 (y — 2))u(y)*u()*dady — 62 / Wﬂ} n
!

p[9(1—3ﬂ/2)p+3ﬂ—2 _ 92]

”uHiP
and

(Y1) = ~BIVul
1|2 [ [t ratruwras + 2 ) [ o] +

1 3
(62

2.2. The abstract minimization problem

In [2,3], Bellazzini and Siciliano developed an abstract framework to prove the existence of solutions to
constrained minimization problems. We shall follow this framework in our proofs of Theorems A and B, so
we begin by sketching a restricted version of their results which may be readily applied to the considered
problem.

Let T: H'(R?) — R be a functional and define I: H!(R3) — R as

1
I(u) = 5[ Vulzz + T(w),
With these functionals in mind, we are interested in the constrained minimization problem
I,:= inf T
o= Jnf 1w,
for p > 0, where we define Iy = 0.
In this context, the following results were developed by Bellazzini and Siciliano as to congregate

sufficient conditions to avoid dichotomy when applying Lions’ concentration-compactness principle. The
first one is a corollary of [2, Theorem 2.1]:



ZAMP Existence and limit behavior of least energy solutions Page 7of 17 56

Theorem 2.5. Suppose that

if p> 0 and (up)nen s a minimizing sequence for I,, then there exists

Uoo € HY(R?)\ {0} such that, up to translations, u, — sy as n — oo; (2.5)
if 0 < p<p, thenngfﬂJrI\/W; (2.6)
—oo < I, <0 for all p > 0; (2.7)
[0,00[3 p I, is continuous (2.8)
and
1,/p*> — 0 as p — 0. (2.9)

Suppose further that T: H'(R3) — R is a functional of class C* and if p > 0 and (un)nen is a minimizing
sequence for I,, then

T(up — Uoo) + T (o) — T(up) — 0 as n — o0; (2.10)
T(n(tn — Uoo)) — T(Up — Usw) — 0 as n — o0, (2.11)
where a, := ||ty — Uso|| 12 1/ P — ||ucs |22 for every n € N;
lim sup d7,,, u,, < o0; (2.12)
(g;:: —dTy,,) (un — Um) — 0 as n,m — oo. (2.13)

We conclude that given p > 0,
M(p) = |J {ueS,:I(u)=1,}#0.
n€lo,p]
If we suppose further that
given uw € M(p), there exists 3 € R such that
10,00[3 0 h5(0) := I(up) — 6°I(u) is differentiable and (hj)'(1) # 0, (2.14)

then it holds that

10,00[ p > 1,/p* is strictly decreasing. (MD)
Moreover, if (up)nen s a minimizing sequence for I, and u, — uss # 0 as n — oo, then I(us) = I,

and ||un — Uso || — 0 as n — oo.

We remark that [2, Theorem 2.1] is more general than Theorem 2.5. For instance, [2, Theorem 2.1] is
also valid for more general Hilbert spaces, e.g., obtained as completions of C>°(R?), and one may take
paths of functions more general than those of the form ]0,00[> 0 — uge € H*(R?) in (2.14) (see [2,
Definitions 2.1, 2.2]). The second result we need is [3, Lemma 2.1]:

Lemma 2.6. Let p > 0, {u, }neny C S, be a minimizing sequence for I, such that u, — tus # 0 asn — 00
and let 1 = |[uso| 2 €0, p]. Suppose that T: H'(R?) — R is a functional of class C' such that (2.10),
(2.11) hold and suppose that

zf0<u<p, then IP<IM+I\/W' (215)

We conclude that us € S,. If we suppose further that (2.12), (2.13) also hold, then ||u, — uss|/gr — 0
as n — oo.

Remark 2.7. Tt is well known that (MD) implies the strong subadditivity inequality (2.15) (see Proof of
Proposition 3.3). Moreover, (2.15) is equivalent to the condition that any minimizing sequence for I| s,
is precompact (see [2, Section 1.1]).
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Having introduced the abstract framework for minimization problems, let us state a few results which

help us see how it fits the problem presented in the introduction.

Lemma 2.8. If a > 0 and we take I = J,: H'(R?) — R, then conditions (2.5), (2.6), (2.8) and (2.9) are
satisfied.

Proof. Condition (2.5) follows from [2, Proof of Theorem 4.1, Step 3]. It suffices to argue as in [8, Section
1.2] to prove that (2.6) holds. Conditions (2.8), (2.9) follow from [2, Proof of Theorem 4.1, Step 4]. O

It suffices to argue as in [3, Proposition 3.1] to prove the following lemma:

Lemma 2.9. If a > 0 and we take T: H(R®) — R as given by
1, 1
7(0) = [ 6t~ Julls,
then conditions (2.10)—~(2.13) are satisfied.

In the last result of this section, we argue as Bellazzini and Siciliano in [3, p. 275-6] to prove that
minimizing sequences for 7| s, do not converge in the weak sense to 0:

Lemma 2.10. Suppose that a > 0, p > 0 and {un}neny C S, is a minimizing sequence for I := J, such
that w, — U in H'(R3) as n — oo. We conclude that us, # 0.

Proof. If we suppose that

lim | sup / lun|? | =0, (2.16)
n—0o0 | ,cR3
B1(y)

then we conclude that u,, — 0 in LP(R?) as n — oo. Due to the definition of I and the fact that Lemma 2.1
implies I, < 0, we conclude that this contradicts the fact that (u,)nen is @ minimizing sequence for I| S,

As (2.16) does not hold, we obtain that there exist z > 0 and {y, }nen C R? such that

|t (- + yn)|2 Y
B1(0)

whenever n is large enough. The Sobolev embedding H'(B;(0)) < L?(B1(0)) is compact, so we conclude
that us, #Z 0. O

3. Proofs of main results
3.1. Proof of Theorem A

It suffices to verify that the conditions of Theorem 2.5 are satisfied. Due to Lemmas 2.8 and 2.9, we only
need to verify that conditions (2.7) and (2.14) hold in the case I = J, for an arbitrary a > 0. This is
done in the following lemmas:

Lemma 3.1. Ifa >0 and [ = J,: H'(R3) — R, then condition (2.7) holds.

Proof. The fact that I, > —oo for any p > 0 follows from Lemma 2.1.
Let us prove that there exists 8 € R such that

0< <1— §6>p+3ﬂ<min(4—ﬁ,2—2ﬂ). (3.1)
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First, suppose that 2 < p < 8/3. In this case, 5 € R satisfies the previous inequality precisely when
. (8—=2p 2p
< , .
e (35 575)
Now, suppose that p = 8/3. In this case, § € R satisfies (3.1) precisely when
4—2p
A< 10 —-3p°
Finally, suppose that 8/3 < p < 3. We have that 8 € R satisfies (3.1) if and only if
2p — 8 4—-2
P <fB< p .
3p—8 10 — 3p
There exists one such § € R precisely when 8/3 < p < 3 or p > 10/3, hence the conclusion.
Fix u € S; and 8 € R which satisfies (3.1). Due to (2.3) and Lemma 2.3, we conclude that

given a > 0 and p €]0, 1],

Tolus,) < Tolusg) < p 92098 g (GI9ulta 7 o) =Sl 2
where

a:=min(4 — 3,2 —20) — [(1 — §ﬂ>p+3p} > 0.
It follows from (3.2) that there exists R > 0 such that if 0 < p < R, then
Tap < Jo,p < Jolug,p) <0.
In order to conclude, it suffices to note that it follows from (2.6) that given p > 0 such that 0 < pu <

p implies 7, ,, < 0, it holds that given o € [1, V2[, 0 < pu < p implies Ja,an < 0. O
Lemma 3.2. Ifa >0 and I = J,: H'(R?) — R, then condition (2.14) is satisfied.

Proof. Suppose that (2.14) is not satisfied. In particular, we can fix {u, }nen C M (p) such that ||u,|/ 2 —
0 as n — oo and (hy")'(1) =0 for every 8 € R and n € N.

Fix n € N. We know that (hy7;)'(1) = 0, so Lemma 2.4 implies

1 1
Vunlis = 5 { o [ [t untorasay + [oma |

If we consider the previous equality and the elementary inequality
te™t%/a < (1 —e V%) for t >0,

then we obtain

1
0< IVunlfs < £-(1 +2a)/¢gnu§. (3.3)
We know that (hg™) (1) = 0, so Lemma 2.4 also implies
1 1 2 .
lunlly = 3575 [ i, (3.0

As ko < 1/a, it follows from Young’s inequality ( [9, Theorem 4.2]) that
1
0< /¢Z"Ui < *||unHiz — 0 as n — oo.
a

In view of (3.3) and (3.4), we deduce that

IVunllL2, |unllLr — 0 as n — oo.
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By continuity, we conclude that I(u,) — 0 as n — oco. To summarize, we know that
I(uy), [[Vun|| L2, HunHLp,/gﬁg"qu — 0asn — . (3.5)

The previous expression is analogous to [2, (4.10)], so we can continue the argument as in Bellazzini
and Siciliano’s article. Let us finish the proof in the case 2 < p < 12/5 because similar arguments suffice
for the other cases (see [2, p. 2502-3]). It follows from (2.2) and the Gagliardo-Nirenberg interpolation
inequality ( [7, Theorem 12.83]) that there exists C; > 0 such that

Jowmaz < [ obu < Kluallas < Callunll 12

for every n € N, where o := 3p/[2(6 — p)]. Due to Sobolev embeddings and (3.3), we conclude that there
exists Cy > 0 such that given n € N,

da/pta(1—a)/2
oz < ( / asz"ui) |

As 4a/p+4(1 — a)/2 > 1, we obtain a contradiction with (3.5). O

3.2. Proof of Theorem B

Our first goal is to establish the following analogue to [3, Lemma 3.2]:

Proposition 3.3. Given p €]3,10/3[, there exists R, > 0 such that given a > 0 and p > R,,
(i) —00 < Ja,p <0;
(1) Jap < Tap+JT, S whenever 0 < p < p.

Proof. Let us prove item (i). The fact that J, , > —oo for any p > 0 follows from Lemma 2.1. It is easy
to check that

(1-38/2)p+ 308 >max(4— 3,2 —23,0)
if and only if
4—2p 2p —8
<o < .
10 — 3p s 3p—8
We can fix one such # € R due to the hypothesis 3 < p < 10/3. Fix u € S7. Due to (2.3) and Lemma 2.3,
we conclude that

given a > 0 and p € [1, 00|,
Tulun,) < Tofus,) < g2 [ L19ult 1 [ el = 2l (36)
where
o= (1 — 36>p+3pmax(4ﬂ,226) > 0.

It follows from (3.6) that there exists R, > 0 such that if p > R, then given a > 0,
ja,p < jO,p < j()(u@p) <0.

The previous inequality concludes the proof.
Now, let us prove item (ii). It suffices to prove that there exists R, > 0 such that

1R,, 02 p s Ju,p/p? is strictly decreasing. (3.7)
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Indeed, the previous assertion implies
PP =’
p2
whenever p > R, and 0 < p < p. In this situation, let us prove that (3.7) holds. Take R, > 0 as provided
by item (ii). Note that it suffices to prove that given p > R,
< 0.

i jaﬂp
a \"ez )|,_,

We remark that given v € H*(R3) and 8 € R, it holds that

d ja (U@ 9)
uw\/ 1) = — ’
sy =55 | 25
Therefore, it suffices to prove that if p > R, then there exist u € S, and 3 € R such that (hg)'(1) < 0.

We know that —oo < J,,, < 0, so we can fix u € S, such that J,(u) < 0. In particular, it holds that

1 1 1.
- 2l < - (517l + g [ ota?). (3

[(1—26)]9—#35—2] >0,

so we can use Lemma 2.4 and (3.8) to obtain

oy < —5 | (1-39) o502 17l +

1
-1 [(1 - ﬁ>p+4ﬁ—4} /¢z:u2-
There exists 3 < 0 such that

(1-30)ps9-2) | (1-30)p+a9-1) >0

4—-2 4—-2 2p —
p<0and P P 8.
10— 3p 10-3p 3p-—38

We remark that there exists 5 < 0 which satisfies the previous condition precisely when 3 < p < 10/3.

Due to the previous paragraphs, we can fix 5 < 0 for which there exists Cz > 0 such that if 7, (v) < 0,
then (hf)"(1) < —Cs[|Vo|7-.

Fix {vp}nen C S, such that J,(vn) — Ja,p < 0 as n — oo. Let us prove that, up to subsequence,
there exists k > 0 such that [|[Vv,| L2 > k for every n € N. Indeed, suppose otherwise. Up to subsequence,
we can suppose that || Vv, ||z — 0 as n — oco. The Gagliardo—Nirenberg interpolation inequality implies
lvnllzr — 0 as n — oo, so we conclude that 7, , = 0, which contradicts our hypothesis.

We conclude that if § > 1 is sufficiently close to 1, then

2
U
Tap = pja,p + Jap < Tapu+ ja,\/m

0=1

Suppose that g < 0. We have

N W N W

if and only if

ja,@ 1
492;) < ja,p - 5(9 - 1)Cﬁk

Finally, (3.7) follows from the previous inequality. O

Now, we will use Proposition 3.3 to prove Theorem B:
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Proof of Theorem B. Let R, > 0 be given by Proposition 3.3 and fix p > R,. Let I = J,: H'(R?) - R
and (un)neny be a minimizing sequence for I|Sp. Due to Lemma 2.1, {u,}nen is a bounded subset of

HY(R3). It follows from Lemma 2.10 that there exists uo, € H'(R3)\{0} such that ||us|z2 < p and, up
to subsequence and translations, w, — us as n — 00. Due to Lemma 2.9, we know that (2.10)—(2.13)
are satisfied. Proposition 3.3 guarantees that (2.15) holds. In this situation, we can apply Lemma 2.6 to
conclude that uy € S, and I(us) = I,. O

3.3. Proof of Theorem C

The theorem will follow from a few adjustments in the arguments of [5]. In this context, we employ
Georgiev, Prinari and Visciglia’s notation in this section for the convenience of the reader. Consider the
following adjustments:

(i) Suppose that 2 < p < 14/5 instead of 2 < p < 3;
(ii) [5, Remark 0.1] can be reformulated in the present context as the existence of least energy solutions
to (SBP,,,) (which is guaranteed by Theorem A);
(iii) Ome should take a(p) = (28 — 10p)/(10 — 3p) (which is positive precisely when p < 14/5);
(iv) Given p > 0, one should take

. 1 ap) | 1
Iopi= int {5100l 920 [l s @@t as - Sl |
and &, ,: H'(R?) — R should be defined as

() = 51l + p [0 a0 (@)u(o)da = ful
where
I et
4-3(p—2)
(v) Mentions to the problem
—Av+wv+p? |- |7 —vp|P2 =0
should be replaced by mentions to

—Av + W + pplv — v|v|P~2 = 0.

3.4. Proof of Theorem D
In order to prove Theorem D, we need two preliminary lemmas. We begin by proving that, under certain
hypotheses, Ja,, — Jo,p as a — 0:
Lemma 3.4. Consider p > 0 and a family of minimizers
{ua c Sp . ja(ua) = ja7p and a > O}
We conclude that Jq,, — Jo,p as a — 0.

Proof. It follows from (2.3) that J,, < Jo, for any a > 0, so it suffices to prove that Jp, <
liminf, .o Ja,,. Given a > 0, we have

el
\.70,p =~ JO(ua ja,p // |1‘ — y| ) Ua(y) dedy .

=:f(a)




ZAMP Existence and limit behavior of least energy solutions Page 13 of 17 56

In this situation, we only have to prove that f(a) — 0 as a — 0.
Fix a €]0,1[. It follows from a change of variable that

fla) = /Wl/ua(x)Qua(x—z)dedz.

2|
Clearly,
e~ lzl/a ) )
fla) = / T/Ua(l‘) Ug(x — 2)°dadz

{z€R3:|z|<allogal}

=:g(a)

e_|zl/“

+ E /ua(ac)Qua(x — 2)%dadz.

z

{z€R3:|z|>alloga|}

Let us bound g(a). We know that u, € L¥3(R?), so it follows from Young’s inequality that
R?> 2+ /ua(sc)Qua(x — 2)%dx
is in L?(R?®). More precisely,

< ”UaHis/a- (3.9)

H/ua(x)Qua(x — )dz

L2
It is clear that
R? >z MX{Z€R3:|z|<a|loga\}
is in L?(R®). More precisely,
1
|22
{z€R3:|z|<a|log a|}

dz = 4rallog al.

Considering (3.9) and the previous expression, we can use the Cauchy—Schwarz inequality to obtain
g(a) < 4mallog al||uall7s/s- (3.10)
Let us bound h(a). As e=%/® < a for t > allogal, we can use assertion (2.2) to conclude that
h(a) < Kallugl[41s/s (3.11)
The bounds (3.10), (3.11) were obtained for an arbitrary a €]0, 1] so we only need to prove that
{luallzsss - 0 <a <1} {[luallprzs : 0 < a <1}

are bounded to conclude by considering the respective limits as a — 0. Indeed, it follows from Lemma 2.1
that {||ua|/z1 : @ > 0} is bounded. Finally, the Sobolev embeddings H'(R?) — L3/3(R3), L'?/5(R3) let
us conclude. g

Our last preliminary lemma is a result in [4], and we provide its proof for the reader’s convenience:

Lemma 3.5. ([4, Lemma 6.1]) Let {fo} U{fs : 0 < a < 1} C LY5(R3). Let ¢o be the unique solution in
DY2(R3) to the partial differential equation

—Ad = fo. (3.12)
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Given a €)0,1], let ¢, be the unique solution in X (R3) to the partial differential equation
—Ap+a’A%p = f,. (3.13)
As a — 0, we have:

(i) if fa = fo in LS/>(R®), then ¢o — ¢o in D*(R?);
(ii) if fo — fo in LS/5(R3), then ¢po — ¢o in DV2(R?) and aA¢, — 0 in L*(R?).

Proof. Let us prove that as a — 0, if f, — fo in L5/5(R®), then ¢, — ¢ in D2(R?). Due to the Sobolev
embedding DV2(R3) — LS(R3), there exists C' > 0 such that

|ul|zs < C||Vul|g2 for every u € D?(R?). (3.14)

Fix a €]0, 1]. It follows from the fact that ¢, is a solution to (3.13) and from Hélder’s inequality that

IVallZz + a®(|Adallz> = /fa¢a < | fallpersll¢all e

By considering (3.14) and the previous inequality, we conclude that
IVéallzz < Cllfallzers, allAdallrz < Cllfallzoss- (3.15)

We know that f, — fo in L5/5(R3) as a — 0, so {f, : 0 < a < 1} is a bounded subset of L/%(R?). Tt
follows from (3.15) that {¢, : 0 < a < 1} is a bounded subset of D!'?(R3). In particular, we conclude that
for any {a, }nen CJ0, 1], there exists ¢. € D2(R?) such that, up to subsequence, ¢,, — ¢, in DV2(R3)
as n — oo. In order to conclude, it suffices to prove that if {a,}nen CJ0, 1] satisfies a,, — 0 as n — oo
and ¢,, — ¢, in DM(R3) as n — oo, then ¢, = ¢y.

Fix ¢ € C(R?) and n € N. The function ¢, is a solution to (3.13), so

/ (Vda, s V) + a2 A, Ath = / Futb (3.16)
It follows from (3.15) and the equality above that
/ A, A < a2 [ A, 1121 A% 12 < Ca2 | fa | oss |AG 2.

Considering the previous paragraph and the fact that {f, : 0 < a < 1} is a bounded subset of
L%/%(R?), we can take the limit as n — oo to conclude that

[196..90) = [ gow for any v € (@),

The function ¢ is the unique solution to (3.12) in D12(R3), so the previous assertion implies ¢, = ¢y.
At this point, we have proved the first assertion of the lemma.

Let us prove that as a — 0, if f, — fo in L5/°(R?), then ¢, — ¢o in DV2(R?). We know that ||V - |2
is weakly lower semicontinuous and it follows from the previous item that ¢, — ¢o in DV2(R3) as a — 0,
SO

I960]32 < liminf [ V6,3 (3.17)

Fix {ty }nen C C°(R3) such that 1, — ¢ in DH?(R3) as n — oo.
Fix a €]0,1[ and let E,: X(R?) — R be given by

1 2
Eu(0) = 5190l + S1a01E: — [ foo

Due to the equality Fq(¢q) = min,cx(rs) £, (u), we obtain

1 1 a?
S IV6lEs < 510l + G 1AvnIE: — [ fulwn = 60) for every n € .
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The function ¢ solves (3.12) and it follows from the previous assertion of the lemma that ¢, — ¢q
in DM?(R?) as a — 0, so [ foda — [ fodo as a — 0. It follows from the previous limit and the previous
paragraph that given n € N,

. 1 1
timsup 5[ V6ulte < 3IVenlEs ~ [ folwn — o).
Passing to the limit n — oo, we obtain
. 1
timsup 5[ Va 32 < [ V60l (3.18)

It follows from (3.17) and (3.18) that [|[V¢a 7. — [[Vo||22 as @ — 0. We already knew that ¢, — ¢ in
D12(R?) as a — 0, so we conclude that ¢, — ¢o in DV2(R?) as a — 0.
Finally, the last limit in the statement of the lemma follows trivially. O

Having established these preliminary lemmas, we can finally prove the theorem:

Proof of Theorem D. Theorem C guarantees that there exists R, > 0 such that if a > 0and 0 < p < R,,
then, up to translations, (1.2) is a subset of H), ;(R?) x X;aqa(R?) x R. Up to further decreasing R, > 0,
it follows from Proposition 2.2 that given p €]0, R,|,

if (u, ¢y, w) € HY(R?) x DM?(R?) x R

is a least energy solution to SPS,, then w > 0. (3.19)
It follows from Lemmas 2.1 and 3.4 that
{||ua|| g1 : @ > 0} is bounded. (3.20)
Let us prove that
{wq 1 @ > 0} is bounded. (3.21)
It is clear that
We = p—12 (ua||1£,) — [Vua|2: — /#j“ui) for every a €]0,1]. (3.22)

Due to this previous expression, (3.21) follows from (2.2), (3.20) and the Sobolev embeddings H!(R3) —
LP(R3),L12/5(R3).

Fix {an}nen CJ0,1[ such that a,, — 0 as n — oo. To clear up the notation, define (u,, ¢n,w,) =
(U, , Pa, ,wa, ) for every n € N. Due to (3.20), there exists ug € H} ;(R?) such that, up to subsequence,
up — up in H ;(R3) as n — oo.

It follows from Lemma 3.4 that (u,)nen i a minimizing sequence for Jp| s, SO We can use Lemma 2.10

to conclude that ug # 0. It was proved in [3] that Lemma 2.6 may be applied in the case a = 0, so we
conclude that uy € S, is a minimizer of I := jO‘Sp and u, — ug in H. ;(R?®) as n — oo. In particular,
we conclude that (ug, ¢o,wo) is a least energy solution to (SPS,), where ¢¢ is the unique function in

DY2(R3) which satisfies
7A¢0 = 4’/TU(2)

1
wwaMMpHWm%/%%>

Furthermore, implication (3.19) shows that wg > 0.
Let us present an alternative proof (based on [4, Proof of Theorem 1.3]) that u,, — ug in H. j(R?) as
n — oo. Let R: HL ;(R%) — H_ L (R3) be the Riesz isomorphism given by

r rad
Rv = (Vu,V-)r2 +wo(v,-)re.

and
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Given n € N, it holds that
Ry + wy (i, )2 + (08" U, Y2 = (wn|un P72, ) 12 4+ wo(un, ) 12,
S0
Uy = — 71<¢Z:un, V2 + RN up|unlP™2, V2 4 (wo — wn) RN up, ) 2. (3.23)

Due to (3.21), we know that (wyp — wp)nen converges up to subsequence. The Sobolev embeddings
HL (R3) — L?/5(R3), LP(R®) are compact so, up to subsequence, the right-hand side of (3.23) con-
verges as n — oo. We conclude that, up to subsequence, u,, — ug in Hrlng (R?) as n — oc.

The compact embedding HL ;(R?) < L'?/5(R3) implies u2 — w2 in L/°(R3) as n — oo, so we can
apply Lemma 3.5 to conclude that ¢, — ¢ € H'(R?) in DV2(R?) as n — oc.
To prove that w, — wy as n — oo, it suffices to consider (3.22) and take limits while considering the

aforementioned Sobolev embeddings. O
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